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Two well-known bifurcation routes to chaos of two-dimensional coupled logistic maps are 
embedded in a two-parameter plane of a canonical nonlinear oscillator which contains a non-ana-
lytic analogon to the Mandelbrot set. 

1. Introduction 

Much insight into the dynamics of nonlinear dy-
namical systems has been gained through studies of 
discrete mappings. In the analytical case, especially for 
the complex logistic map 

P c : C - C , z t - > z 2 + c ( c e C ) , (1) 

where I = C u {oo}, there exists, as everybody knows, 
a beautiful mathematical theory which goes back to 
the famous work of Julia [1] and Fatou [2] and has 
been continued by Brolin [3], Mandelbrot [4], Douady 
[5], Douady and Hubbard [6] and many others. 

Especially, Douady and Hubbard studied the hyper-
bolic components of the Mandelbrot set 

M = ( c e C | i f n ( 0 ) / > oo) . (2) v ft 00 ' 
Defining 

H(M) = {c e C | Pc has an attracting periodic orbit}, (3) 

any connected component of H{M) is called a hyper-
bolic component of M. Now, the hyperbolic conjec-
ture for polynomials Pc in degree 2 reads 

int(M) = H ( M ) . (HC) 

(HC) is, as far as we know, yet an open problem. But, 
nevertheless, it is easy to determine the subsets of M 
for which Pc has an attracting fixed point or an attract-
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ing cycle of period 2 etc. Each of them is simply 
connected beginning with the main body, being the 
interior of a cardioid and representing the attracting 
fixed point, followed by buds becoming smaller and 
smaller and representing periodic attractors of in-
creasing orders. 

Due to the Cauchy-Riemann differential equations, 
in the analytical case both Lyapunov exponents are 
identical. Thus, there cannot exist any chaotic attractor. 
That is, all attractors of an analytic map are periodic. 
Chaos only appears on Julia sets each of which is the 
closure of the set of the repelling periodic points. 

On the other hand, in the case of non-analytic (here 
2D-) maps we of course do have both, periodic and 
chaotic attractors, dependent on a particular parame-
ter value respectively coexisting. In the present paper, 
two already known bifurcation routes to chaos of two 
coupled logistic maps (Kaneko [7], Metzler et al. [8]) 
are embedded in a two-parameter plane of a canonical 
nonlinear oscillator which contains a "non-analytic 
analogon" to the well-known Mandelbrot set (2). 

2. A Canonical Two-Parameter Form 
of Coupled Oscillators 

In 1987, Metzler et al. [8] studied a "crosswise" sym-
metric coupling of two identical logistic maps. Related 
couplings of nonlinear oscillators have been discussed 
by Kaneko [7] as well as Hogg and Huberman [9], 
They correspondingly found quasiperiodic behavior 
with frequency lockings as well as bifurcations into 
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aperiodic (chaotic) behavior dependent, in either of 
the three cases, on only one control parameter. The 
present work should unify their research by introduc-
ing a second control parameter and studying the dy-
namics of the oscillators in question in a two-dimen-
sional parameter plane just as it is fairly known from 
the Mandelbrot set in the analytical case. 

The coupled logistic map from [8] is given by the 
equations 

x n + 1 = ( l + a ) x„ + a ( y „ - x 2 ) , 

y„+ 1 = ( l + a ) y„ + a{x„-y2). 
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Kaneko's equations read 

*„+!= 1 ~ Ax2+ D(yn-xn), 

yn+1=\-Ay2 + D(xn-yn), (9) 

(4) 

Use of transformations 

1 l + a 1 l + a 
Xn = ~Un + — , yn = -vn + — , (TI) 

a 2a a 2a 

results in 

3a 2 + 2 a - l 
+ avn-u2, 

3a 2 + 2a — 1 
vn+i = ^ + aun-v2, (5) 

where D is an arbitrary but fixed coupling parameter 
(D = 0.1 in [7]) and A (0 < A < 2) is the bifurcation 
parameter. For A > 1.5, Kaneko experimentally found 
hyperchaos, i.e. both Lyapunov exponents are posi-
tive. The transformations 

1 D 
(T3) 

applied to (9), yield 

2D — D2 + 4 A 
U„ 4-, = + Dvn-u2, 

2D — D2 + 4 A 
v„+i = ; + Dun-v2, 

and this is the canonical form (O) with 

2D-D2 + 4A 
a = D, b = 

(10) 

(11) 

respectively, with 

3a 2 + 2a - 1 
b = 

in 
un+1 = b + avn-u2, 

vn+l = b + aun-v2 . 

(6) 

(O) 

Equations (O) constitute a two-parameter (a, b) canon-
ical form of a nonlinear coupled oscillator. 

Another transformation, different from (TI), has 
been proposed by Danker (one of the young authors). 
Applying 

l + a l + a 
= "„ + — , = v„ + — — 

2 a 2 a 

to (4) results in 

un + l = b + a{vn-u2), 

vn+1 = b + a(un-v2) 

with 

3 a 2 + 2 a - 1 

(T 2) 

b = 
4 a 

(7) 

(8) 

Obviously, (11) describes a parameter representation 
of a straight line parallel to the b-axis in the (a, b)-
parameter plane of (O), cf. Figure 1. Thus, transition 
to chaos of Kaneko's oscillator (9) happens on the line 
given by (11). The parabola in Fig. 1 describes the 
curve b = £ (3 a 2 + 2 a — 1) from (6). Therefore, transi-
tion to chaos of (4), which has been discussed in detail 
in [8], takes place along this parabola. Figure 2 a 
shows some of the bifurcation points and some cou-
ples of parameter values (a, b) for which stable attrac-
tors of (4) have been observed in [8] (compare Fig-
ure 2 b). Figure 2 c contains four typical examples of 
attractors of (4) (cf. [10]) which are marked in Fig-
ure 2 a. In the same way, one can easily localize 
Kaneko's chaotic attractors from [7] on the straight 
line in Figure 1. Some of those are hyperchaotic, as 
will be shown in the following section, too. Therefore, 
by (6) and (11), respectively, two routes to chaos are 
embedded in the two-parameter plane of the canoni-
cal oscillator (O) (cf. Figure 1). 

3. Parameter Plane and Attractors 

Figure 1 shows the parameter plane of the oscillator 
(O). The dark figure looking like a 2 D-projection of a 



Fig. 1. Mandelbrot set M0 of the oscillator (O) with two routes to chaos, 
parabola: Metzler et al. [8], straight line: Kaneko [7], 

Fig. 2 a. The route to chaos of the coupled logistic map (4) in the ^ 
(a, b)-parameter space. 

• 

Fig. 2 b. Schematic representation of the bifurcation route to chaos of 
the map (4). 
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- 1 3 - 1 3 
Fig. 2c. Four at tractors of (4) (from [10]); a) two loops after a Hopf bifurcation (a = 0.614); b) overlapping loops (a = 0.66); 
c) the loops as a period-26 at tractor (a = 0.678); d) the completely developed strange at tractor (a = 0.684). 

• 10 

ragged pyramid is the set 

M 0 = {(a, b)e IR21 u2 + v2 oo} . (12) 
v n -»oo > 

with un, vn from (O). M0 depends on the initial value 
[u0,v0), which is chosen as (u0, v0) = (1 x 1 0 - 7 , 
2 x 10"7) in Figs. 1 to 5. It seems to be almost struc-
turally stable, which means in our present context that 
small changes in the initial values imply only modest 
variations of the global structure of M0. 

M0 is a non-analytic analogue to the Mandelbrot 
set for analytic maps (see also [11] for other examples 

of non-analytic "Mandelbrot sets"). Like the original 
Mandelbrot set, M 0 represents a chart of parameter 
values (a, b) each of which determining a stable attrac-
tor. Unlike analytic maps, each couple (a, b) deter-
mines either a periodic or a nonperiodic (chaotic or 
hyperchaotic) attractor. The grey parts in the interior 
of M 0 represent stable periodic orbits with low peri-
ods (about up to 15). If we approach the boundary of 
M 0 , high order periods are mixing with chaotic and 
hyperchaotic attractors. This local structure of M 0 

sensitively depends on the initial state (u0 , v0) in the 
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Fig. 4. Like Figure 3. 
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Fig. 5. Like Figs. 3 and 4 with coexisting attractors at the top of M 0 , i.e., for (a, b) = (0, 2) (see text). 
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definition (12) of M 0 , e.g. parameter values with peri-
odic attractors can change to aperiodic attractors or 
vice versa. Figures 3 and 4, respectively, give an insight 
into the variety to M 0 . For most of them, Lyapunov 
exponents have been calculated, and, of course, the 
numerical results confirm the pictures. 

Figure 5, however, contains a surprising phenom-
enon, at least at the first glance. For the parameter 
value (a, b) = (0, 2), that is the top of M 0 , dependent 
on the initial values numerous different but simple 
attractors are coexisting. Two of them are the filled-in 
square and the parabola on top of the left row in 
Figure 5. Obviously, the reason is, that Eqs. (O) are 
decoupled in this case (a = 0). This phenomenon will 
be disentangled in detail at another place [12]. To be 
correct, we must add that in Fig. 5 all attractors have 
been calculated with the same initial value (1 x 10"7 , 
2 x 1 0 - 7 ) and the filled-in square results from (a, b) = 
(0, 1.999). 

4. Outlook 

The transformation of a one-parameter-dependent 
nonlinear oscillator into a two-parameter map (O) 

was stimulated by some analytical work about the 
Henon map [13] by Cvitanovic and others [14]. It is 
praiseworthy that the three schoolboys from Magde-
burg have done the first concrete step in that direction. 
The representation (O) of two-dimensional coupled 
logistic maps and more general of nonlinear oscilla-
tors opens the possibility to analyze attractors and 
bifurcation routes in a (two-parameter) Mandelbrot 
set. Further, there exists a conjecture about the Henon 
attractor according to which it should be the closure 
of the instable manifold of a specific fixed point [15]. 
Such a result should be interesting in our context, too. 
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